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Abstract: We classify half-supersjTiimetric solutions of gauged N = 2, D = 5 
supergravity coupled to an arbitrary number of abelian vector multiplets for which 
all of the Killing spinors generate null Killing vectors. We show that there are four 
classes of solutions, and in each class we find the metric, scalars and gauge field 
strengths. When the scalar manifold is symmetric, the solutions correspond to a 
class of local near horizon geometries recently found by Kunduri and Lucietti. 
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1. Introduction 

The classification of supergravity solutions has many applications in string theory. 
Such classifications have been used recently to construct new black hole and black ring 
solutions. Furthermore, the classifications can also be used to prove non-existence 
theorems in several supergravity theories, whereby solutions preserving certain pro- 
portions of supersymmetry are excluded. Recently, a partial classification of solutions 
oi N — 2, D — 5 was constructed [1]. Solutions with four hnearly independent KiUing 
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spinors for which at least two generate a timehke Kilhng vector were completely clas- 
sified. In this paper we complete the classification of half-supersymmetric solutions 
oi N = 2, D = 5 supergravity by considering the case when all four Killing spinors 
generate null Killing vectors. 

There are a number of interesting supersymmetric solutions in = 2, D = 
5 supergravity. Supersymmetric solutions can in principle preserve 1/4, 1/2, 3/4 
or the maximal proportion of supersymmetry. Examples of 1/4 supersymmetric 
solutions are for instance the regular asymptotically AdS^ black holes found in [2] 
and later generalized in [3] and [4]. 1/4-supersymmetric string solutions have also 
been constructed in [5] and [6]. In [7] a classification of all 1/4-supersymmetric 
solutions of minimal gauged N = 2, D = 5 supergravity was performed, this was 
later extended to a classification of 1/ 4-supersymmetric solutions of a more general 
N — 2, D — 5 gauged supergravity, coupled to an arbitrary number of abelian vector 
multiplets. Examples of 1/2-supersymmetric solutions are the domain wall solutions 
in [9], as well as the solutions given in [10], [11] and [12] which correspond to black 
holes without regular horizons. The regular asymptotically AdS5 black holes also 
undergo supersymmetry enhancement in their near-horizon limit from 1/4 to 1/2 
supersymmetry, as do the black string solutions in [6]. In [13], it was shown that 
all 3/4-supersymmetric solutions must be locally AdS^, although globally there exist 
discrete qoutients of AdS^ which are 3/4-supersymmetric [14]. The unique maximally 
supersymmetric solution is AdS^. 

In order to investigate half-supersymmetric null solutions we will make use of 
the spinorial geometry method. This method was first used to classify solutions 
of supergravity theories in ten and eleven dimensions [15], [16]. The first step of 
such analysis is to write the spinors of the theory as differential forms. The gauge 
symmetries of the supergravity theories are then used to simplify the spinors as much 
as possible. By choosing an appropriate basis, the Killing spinor equations (or their 
integrability conditions) are written as a linear system. This linear system can be 
solved to express the fiuxes of the theory in terms of the geometry and to find the 
conditions on the geometry imposed by supersymmetry. These methods have also 
been particularly useful in classifying solutions which preserve very large amounts of 
supersymmetry; for example in [17] it has been shown that all solutions preserving 
29/32, 30/32 or 31/32 of the supersymmetry are in fact maximally supersymmetric. 
We also remark that the spinorial geometry method has been used to classify solutions 
of = 2, D = 4 supergravity; see for example [18]. 

The plan of this paper is as follows. In Section 2, we review some of the properties 
of five dimensional gauged supergravity coupled to abelian vector multiplets. In 
Section 3, we show how spinors of the theory can be written as differential forms, and 
introduce an adapted basis in the forms suitable for defining null Killing spinors. We 
then use the Spin{A, 1) gauge freedom present in the theory to reduce one null Killing 
spinor into a particularly simple canonical form, and the residual symmetry present 
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to place the other null spinor into one of two forms. In Section 4, we summarize the 
constraints imposed by solutions preserving 1/4 of the supersymmetry. In Sections 
5 and 6 we derive constraints on the spacetime geometry, the gauge field strengths 
and the scalars obtained from the Killing spinor equations. A number of different 
cases are examined in detail, corresponding to the various different ways in which 
the Killing spinors can be simplified using gauge transformations. In section 7, we 
present a self-contained summary of the metrics, scalars and gauge field strengths for 
all of these half-supersymmetric solutions, together with an interpretation of these 
solutions. Finally, in Appendix A, we show that the integrability conditions of the 
Killing spinor equations together with the Bianchi identity are sufficient to ensure 
that the Einstein, gauge and scalar equations hold automatically. In Appendix B, 
we present a detailed derivation of the linear system obtained from the Killing spinor 
equations for half-supersymmetric null solutions. 



2. N = 2, D = 5 Supergravity 

We begin by briefly reviewing some aspects of iV = 2, D = 5 gauged supergravity 
coupled to n abelian vector multiplets. The bosonic action of this theory is [19] 



S = J {{-'R + 2x'V) * 1 - QijF' A + QijdX' A i.dX-' 

—CukF' AF' AA"") (2.1) 

where /, J, K take values 1, . . . , n and F^ = dA^ . Cjjk are constants that arc 
symmetric on UK; we will assume that Qu is invertible, with inverse Q^"^ . The 
metric has signature (-|-,—,— ,—,—). 

The are scalars which are constrained via 

^CukX^X'^X'' = 1 . (2.2) 

We may regard the X^ as being functions of n — 1 unconstrained scalars 0". It 
is convenient to define 

Xi = ^CijkX'X'' (2.3) 
so that the condition (2.2) becomes 

XiX^ = 1 . (2.4) 

In addition, the coupling Qu depends on the scalars via 

9 1 

Qu = ~ -jCijKX (2.5) 
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so in particular 

QijX' = ^-Xi , QijdaX' = —daXi . (2.6) 
The scalar potential can be written as, 

V = 9ViVj{X'x' - ^Q'') , (2.7) 

where Vj are constants. 

For a bosonic background to be supersymmetric there must be a spinor e for 
which the supersymmetry variations of the gravitino and the superpartners of the 
scalars vanish. We shall investigate the properties of these spinors in greater detail 
in the next section. The gravitino Killing spinor equation is 

{d, + ^<^r,. - ^A, + '-fvjx'r, - ^H/r, + ^r,H'-r,,)e = o , (2.8) 

where e is a Dirac spinor. The algebraic Killing spinor equations associated with 
the variation of the scalar superpartners are 

{AixiX'VjX' - ^Q'^Vj) + 2d^X'T^ - {F'^^" - X'H^''')T^,) e = . (2.9) 

where we define H = XjF^, A = VjA^. We shall refer to (2.9) as the dilatino 
Killing spinor equation. We also require that the bosonic background should satisfy 
the Einstein, gauge field and scalar field equations obtained from the action (2.1) 
and analyse these in Appendix A. 

3. Spinors in Five Dimensions 

Following [20, 21, 22], the space of Dirac spinors in five dimensions is the space of 
complexified forms on R^, A = A*(M^) ® C. A generic spinor r] can therefore be 
written as 

77 = Al + fx'e' + ae^^ , (3.1) 

where e^, are 1-forms on R^, and i — 1,2 for complex functions A, and a. The 
action of 7-matrices on these forms is given by 

7i = ^(e'A+v), (3.2) 

7i+2 = -e' A , (3.3) 

for i = 1, 2. 7o is defined by 

7o = 71234 , (3.4) 

and satisfies 

7ol = l, 7oe'' = e^^ 7oe' = -e^ i = l,2. (3.5) 
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The charge conjugation operator C is defined by 

Cl = -e^^ Ce^2 = l Ce' = -eije^ i = l,2 (3.6) 
where — e^^ is antisymmetric with €±2 — 1. We also note the useful identity 

(7m)* = -7oC'7m7oC . (3.7) 

3.1 The Null Basis 

To work in a basis adapted to describing solutions with Killing spinors which generate 
null KiUing vectors, define 

r± = -^(7oT73) , 

Ti = -^(72 - i74) = V2ie'A , 

r2 = 71 ■ (3.8) 
We then define a basis for the Dirac spinors A by 

i:i = l±e\ ^l = e^''^e^. (3.9) 

Note that is not the complex conjugate of 
Then it is straightforward to show that 



± 



= , (3.10) 

where a,f5 = 1,1 and we use the index convention that iJj]. = iJj].. 
A generic spinor can then be written as 

rj = A^V+ + >^-^- , (3.11) 

where there is summation over a = 1,1. Note that the A J are in general complex 
and Aj_ is not the complex conjugate of X].. 

The metric has vielbein e+, e~, e^, e^, e^, where e='=,e^ are real, and e^,e^ are 
complex conjugate, and 
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ds"^ = 2e+e- - 2e^e^ - (e^)^ . (3.12) 

Now note that on writing the Dirac spinor 77 as 77 = 77^ + ^77^, where 77" are 
symplectic Major ana spinors, we find 

B{r]\rj') = ^B{joCv*,v) = -l{loV,v) ■ (3-13) 

Hence the nuUity condition -6(77^, 77^) = can be rewritten in the null basis as 

A^(Ai)* + {xiyxl + xlixly + {xlyxl = o . (3.14) 

To proceed further, note that 

gX703+!/724^1 + e^) = e^-*^(l + e^) , (3.15) 
for y e R, and it is also convenient to define 

7'l=701+7l3, ^2 = 702 + 723, T;j = 704 - 734, (3.16) 



which satisfy 

for q; = 1, 1, and also 



T.V'? = , (3.17) 



TiV'i = -2iV'+, TlV'i = 2i'iljl , (3.18) 

TsV-i = 2#i, T2^/;i = 2#^ , (3.19) 

Ts^Z-i = -2ijl, T^it = 2i,l . (3.20) 

Note that gauge transformations of the form e^^i+^'^^+^Ts x,y,z e R map 

^ A^ 

A+ ^ A+ - ixX\ + (z + iy)X\_ 

X\^ X\ + ixX\ + {iy- z)X\ . (3.21) 

Clearly these leave 1 + invariant. We therefore adopt the following approach. 
Using the Spin{A, 1) gauge freedom, we can choose without loss of generality the first 
Killing spinor to be 

e = 1/)^ . (3.22) 

The gauge transformations e^^i"'"^^^"'"^^^ leave e invariant. The second Killing 
spinor of the form 

77 = A^V? + A"^- (3.23) 
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where satisfy (3.14) can then be simphfied by using the gauge transformations 

In particular, we note that we can make use of the gauge transformations to set 
either A" = 0, or A" = 0. To see this, let us first assume that Ai 7^ and Xl_ ^ 0. 
Then we can use (3.21) to set A^ = by imposing 

{z + iy)\\ - ix\\ = A+ . (3.24) 
This fixes z,y in the A^ transformation 

= 4^ {^l^-* - + ix{Xlxl* + Ai Ai*)) . (3.25) 

A_* 

We can fix x here such that the term in brackets is real; then we find 



A^ = 

A^ = //AL , (3.26) 

with fi E M.. To proceed further we use this result together with the nullity 
condition (3.14) to find 

2/xALaL* = . (3.27) 

This implies that /i = 0. Alternatively, wc have the case where Xl_ = 0, Ai 7^ 0. 
Here we can use y, z in (3.21) to set Ai*,. = 0. This sets 



A^ ^ A^ + ixX\ 

= Ai(.a; + ^). (3.28) 

Here x can be chosen to set the term in brackets to be real, so that once again 
we have 



A^ = 

A^ = /xAi = , (3.29) 

where we set = using the nuUity condition as before. The case Ai 7^ 0, Ai = 
proceeds analogously. 
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4. Quarter-Supersymmetric Null Solutions 



In appendix B we arrive at the general linear system following from the dilatino and 
to the case e = ■^^ we find 



gravitino equations acting on a spinor e = Ai'0+ + '^+'0+ + '^-'0i + '^-'0i- Restricting 



= , (4.1) 

F(i = -i{-d2X' + 2x{X'VjX' - \q''Vj)) + X^//n , (4.2) 

d^X^ = , (4.3) 

^+2 = 0, (4.4) 

^+1 = 0, (4.5) 

F/2 = id-^X^ + X^E-y^ . (4.6) 

Further constraints on the spin connection obtained from the gravitino equation 
acting on e = ■^^ are 

'^+,+- = ^^+,+2 = ^+,+1 = ^-,+- = ^i,+2 = = 0, (4.7) 

and 



as well as 



We also find 



^^1,12 — '^2,+2 — ^^+,12 — '^2,+l — '^l.+l — , (4.^ 



c^l,+_ + c^_,+i = , (4.9) 



+ ^a;2,i2 = , (4.10) 



-2iu;_,+2 + iu;i,i2 + '^1x^1^' = , (4.11) 
u;2,+- + c^-,+2 = , (4.12) 

= //+2 = = , (4.13) 
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H-1 = -f ^-,12 , (4.14) 

//_2 = 2xA_ - |u;_,n , (4.15) 

Hi2 = 2iu;i,+_ , (4.16) 
2i 2i 

Hii = -y^^-,+2 - -^^^1,12 , (4.17) 
where the gauge potential has the following components constrained 

2i i 

xAi = + 3^1,11 , (4.18) 

= '-UJ2,H , (4.19) 

XA+ = ^^+,11 . (4.20) 

To proceed to half-supersymmetric solutions, we incorporate these constraints 

into the full linear system in Appendix B and consider two cases in which either 
A" = or A" = 0. 



5. Solutions with A" = 

For this class of solutions, we set A" = for o; = 1,1, in the components of the 
dilatino and gravitino Killing spinor equations, with the resulting linear system pre- 
sented in Appendix B. For a non-trivial solution to (B.69), and (B.70) to exist, we 
require 



t t 11 

2(-X^- - -t^-li - -UJ2,-2){-XA- - -t^-,li - -t^2-2) 

+ (-^2,-1 + ^<^-,l2)(-'^2 -1 + ^'^-,12) = , (5.1) 

which implies that 



XA_ = -a;_,n , (5.2) 



= , (5.3) 
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^2-1 = 2^-,i2 ■ (5.4) 
Using (B.61), and (B.66) we require 

^(a;_,i2 + a;i _2)(a;-,i2 + ^1-2) + (a;i -i)(a;i _i) = , (5.5) 
which impUes that 

a;_,i2 = , (5.6) 

= . (5.7) 
We can also use (B.57), and (B.58) finding that 

(a;_,_2)(u;-,-2) + (u;-,-i)(a;-,-i) = , (5.8) 

so that 

a;_,_2 = , (5.9) 

a;_ _i = . (5.10) 

Prom (B.62), and (B.65) 

(a;i,_i)(^l,_i) + ^(a;i,_2)(^i,_2) = , (5.11) 
from which we see that 

001,-1 - , (5.12) 

a;i _2 = u;-,i2 = ^^2-1 = . (5.13) 
Using the dilatino equations (B.49) and (B.50), we require that 
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+ 16(Fij - X'H_i){F\ - X^H_{) = , (5.14) 
so that, upon contracting with Qu 

Fij = X^H_i = , (5.15) 

= X^H_2 = , (5.16) 

d-X^ = . (5.17) 

Within the case = there are three sub-cases to consider. Here either 
(Ai ^ 0, Ai ^ 0), or (XI = 0, Ai ^ 0), or (M ^ 0, Ai = 0). 

5.1 Solutions with Ai ^ and A^ ^ 

Suppose first that Ai 7^ and Ai 7^ 0. Then note that the U{1) x Spin{A, 1) gauge 
transformation of the type e^3t^Q9t^i24, fgj. ^ g gr g M which acts on spinors via 

ifi e^^'^e™^! = e^'^^i^i , (5.18) 
leaves e — invariant, and transforms 77 as 

77 ^ AiV'i + e'^^'^ALV'i = (Ai)Vi + (AL)Vi ■ (5.19) 



Define 



Then we find that 



((AL)'(Ai)')- ^(ALAl) 
Hence, for = |, and dropping the primes, we have 
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Now, observe that 

= -2iuj+xu d-g = -2ia;_,ii , (5.23) 
so that, working in this gauge, we can take without loss of generahty 

oj+^n = oo_^u = . (5.24) 
Note in particular that in this gauge 

d+Xl = d-\l = d+X\ = d-Xl = . (5.25) 

To proceed, we investigate several integrability conditions. In particular, requir- 
ing that V[+V_]Ai = imposes the constraint 

(a;+ _i - a;_,+i)(-a;i,iiAi - V2a;ij2Ai) - (a;+ _i - uj^^+ipi^nXl 

12- 

+(a;+ _2 - a;_,+2)(-v^a;2,i2Ai + i-uj2,ii - -c^i,i2 + -<^-,+2)Ai.) = , (5.26) 
and requiring that V[+V_]Ai = imposes the constraint 

(-^(a;+ _i - a;_,+i)(a;ij2 + (^-,+2) + \/2(a;+ _2 - uj -,+2)^^2,12) Xi 

+2(a;+,_ia;_,+I - u;+,_ia;_,+i)Ai = . (5.27) 

Next, the conditions V[±Vb]A]l = V[±Vb]AL = for S = 1,1,2 impose the 
constraints 

a±a;2,i2 = d±(jj2^ii = d±(jJi^+_ = d±(jJi^ii = 5±a;ij2 = ^±'^-,+2 = . (5.28) 
Now note that in the gauge for which = A_ = 0, we have 

XA = -a;2,iie^ + g(2a;i,+_ + u;i,ii)e^ - -(2a;i,+_ - a;i,ii)e^ . (5.29) 
The integrability condition d{xA)+- = then implies that 



(2u;i,+_ +a;i,ii)(-u;+_i +a;_,+i) + (-2(x;i,+_ + a;i,ii)(-u;+ _i + a;_,+i) 

+u;2,ii(-a;+ -2 + ^^-,+2) = . (5.30) 



Note also that (B.53) and (B.54) can be rewritten as 
1 



^{^+,-2 + a;_,+2)Ai - (a;+,_i + uj-,+i)\\ = , (5.31) 



and 



1 1 

-(u;+ _i + a;-,+i)Ai + (--^u;+ _2 + ^^-,+2 - -3-^i,l2)Ai = . (5.32) 

Next note that the component of the Bianchi identity XidF^_2 = imphes that 

cl;_,+icj+ _i - cj_^+icj+ _i = , (5.33) 
and substituting this into (5.27) we find 

^(<^+ -1 - a;_,+i)(a;ij2 - ^^-,+2) - u;-,+i(a;+ -2 - ^^-,+2) = . (5.34) 
Using these identities we obtain the constraints 

^((w+,-2)^ - (^^-,+2)^) + uJ-,+iUJ-,+i - w+,_ia;+,_i = , (5.35) 



(a;+ _2 + uj-,+2) ((^+,-1 - ^-,+i)Ai + -J=(u;+ -2 - a;_,+2) Ai) = . (5.36) 

We now find cases according as to whether (a;+,_2+to'_,+2) vanishes. First suppose 
(a;+^_2 + a;_^+2) = 0. Then (5.31) and (5.32) imply that 

2a;_,+2 - c^i,l2 = ^xViX' = . (5.37) 

Contracting (B.52) with Vj then implies that Q^^ViVj — 0. As Q^^ is positive 
definite this is a contradiction. 

We are then led to take (a;+,_2 + (^-,+2) 7^ 0. In this case we have the constraint 

(a;+,_l - u;-,+i)Ai + ^K,-2 - c^-,+2)AL = . (5.38) 

Further simplifications can be made by going back to our gauge transformations 
(5.18). Requiring dig — Q imphes that 

v^^i,iiAL = -c^i,i2Ai , (5.39) 
when taken together with (5.36). Similarly, d'2,g — can be shown to require 

that 
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= UJ2,11 = 

These conditions are sufficient to sfiow tfiat 



(5.40) 



and lience from (5.22) tliat 



d{j^) - , (5.41) 



di-^) = • (5.42) 



Tlien, by making use of tfie U{1) x Spin{A, 1) gauge transformation of the type 
gi6»ig02724 constant 61,62 £ we can set, without loss of generahty 

^- =1. (5.43) 



(Ai)* (AL)'' 

This gauge transformation multiphes ■(/'+ by a phase, however as this phase is con- 
stant, it does not alter the constraints obtained in the analysis of the quarter- 
supersymmetric solutions. 

Using these results, we find the following constraints remain on the spatial deriva- 
tives of the A's; 

d^\\ = -2u;_,+iAi , (5.44) 
9iAL = ^^i,i2Ai , (5.45) 
d2\\ = -2v^u;_,+iAi , (5.46) 
82X1 - -c^i,i2AL . (5.47) 

To proceed we note that 

W^e- , (5.49) 
are KiUing vectors of the theory. We can find an additional Killing vector U, as 

U = [V, W] = ciY , (5.50) 

where Y is defined by 
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and Ci by 

As Y can also be shown to be Killing we find that ci must be a constant. 
We define a vector orthogonal to V, W, and Y as 

Z = Ai(e^ + e"^) + V2Aie2 , 
and a vector orthogonal to V, W, Y and Z, as 

where X can also be shown to be Killing. Furthermore we find 

dV^j{ciY + C2Z)AV, 

dW ^j{-ciY + C2Z)AW , 

dX^-'^^^ZAX, 

dY^-'^VAW+JZAY, 
dZ^O , 
dX\ = -2a;_,+iZ , 

dX^ — —;=U!i loZ . 

Here C2 and / are given by 

C2 = \/2a;_,+iAi + a;_,+2Ai , 



df = C2Z , 
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and ci, C2, and / are related by 

-CiAi + C2Ai = 2a;_,+i/ , 

(^-,+1 - ^+ -i)/ = -ciAi , 

(a;_,+2 - ^+,-2)/ = V^ciAi . 
Prom (5.31), (5.32), and (5.38) we find that 

C2 = xViX'xl , 
which together with (5.64) imphes that 

In addition, (5.60) and (5.65) can be combined in the following way 

d{fX\) = CiALZ . 

The forms V, W, X, Y, and Z, can be expressed in terms of coordinates 

V = hdv , 

W = f2dw , 

X = /adx , 

Y = f{dy + (3) , 

The coordinate derivatives of the scalars (B.51) and (B.52) are 

dyXi = , 

-d,Xi = ^^{X:VjX' -Vi)\\ , 

which implies that 



dXi = —{XjVjX^ - Vi)\\Z . (5.79) 

The functions /i, /2, h ^^id the form (5 can be constrained, upon comparison 
with (5.55 - 5.59), by 

d log /i = ci {dy + /?) + d log / + Gdv , (5.80) 

d\ogf2^-Ci{dy + f3) + d\ogf + Hdw , (5.81) 

dlog/3 = dlog(AL)% (5.82) 



(i/? = iJl-HlIldv A . (5.83) 

/ 

We can rewrite these as 

d log 4^ = Gdv + //dw , (5.84) 
/ 

dlog^ ^2ci{dy + (5) + Gdv - Hdw , (5.85) 

h = c,{\lf . (5.86) 

for C3 a non-zero constant. Taking the exterior derivative of (5.85) and (5.84) we 
find respectively 

2cid(5 = {d^H + d^G)dv A dw , (5.87) 



{-du,G + d^H)dv Adw = . (5.88) 

Upon comparing (5.87) with (5.83) we see that G and H have only a v and w 
dependance 

= d^G = -2^/^(p)Vl/2 ^5 

and satisfy 

dy,d^H = i/^^// , (5.90) 

d^d^G = G^^G . (5.91) 
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The field strength takes the form 

= Fl^e^ A + F(^e^ A + F/je^ A e\ (5.92) 

with non-zero components, F(2, F^^, F^^, given by (4.2) and (4.6). These can be 
expressed in terms of the scalars using the scalar derivatives (5.57), together with 
(5.60) and (5.30), as 

F' = d{ ^ ) . (5.93) 
The scalar derivatives (5.79) can in turn be put into the form 

d{fXi)^xViXlz . (5.94) 

using (5.70). To proceed we need to consider two cases depending on whether ci 
vanishes or not. 

5.1.1 Solutions with ci = 

In the case that Ci = 0, (5.71) reduces to 

d{f\i) = , (5.95) 

so that 

fX- = C4 , (5.96) 
for non-zero constant C4. Here / is implicitly related to the scalars via the relation 

d,ifXi)=xViiV2f-^f^ . (5.97) 
We further find in this case that 

dlogj^Gdv, (5.98) 

dlogj^Hdw, (5.99) 
and that the metric is given by 



ds' = 2fiz){^)dvdw - ^^^dx^ - ^dz' - ^dy^ . (5.100) 
where 

Xl ^ {V2f - Cjf)K (5.101) 
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Moreover, as G and y can be seen to be functions of v, and H and y are functions 
of we find that, for c\ = 0, the 2-manifold given by, (2)(is2 = 2{^)dvdw, is flat. 

5.1.2 Solutions with Ci 7^ 

On the other hand, if Ci 7^ then (5.94), together with (5.71), can be exphcitly 
integrated up to 

Xi^-i^ + xVi\l) , (5.102) 
with Kj constant. The metric in our coordinates is now given, more generally, 

by 



ds' = 2f{z){^)dvdw - ^^^dx' - ^dz' - ^{dy + (5f . (5.103) 

In this case we can relate the function to the Ricci scalar for the 2-manifold 
with metric, ^^^ds^ = 2^^dvdw . The Ricci scalar is given by 

^2vici'^^ 2V2ci 

= 4V2{c'y , (5.104) 

where we have made use of (5.90). This manifold is then found to be AdS2. We 
can also make a gauge transformation /3 ^ f3 + dlog^, to eliminate the x and z 
dependance of /3. The y dependance of /i, /2 can further be expressed as 

/i-/iexp(ci|/) , (5.105) 
/2 = /2exp(-ciy) , (5.106) 

so that (5.85) reduces to 

(3 = Hdw - Gdv , (5.107) 
where (3 is only a function of v and w. 

5.2 Solutions with = and Xly^O 
The derivatives are 

d+Xl = -a;+,iiAL , (5.108) 
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diXl = -a;i,iiAi , 

d2X\ = (^^-,+2 - u;2,ii)X\ , 
and the other non-zero components of the spin connection are related by 



-1 - --^Cl!2,-2 ■ 



We find for the scalars 



and gauge potential 

, i 

We can use a gauge transformation as in (5.18), taking 
to set e R. As a result we find 

^+,11 — ^-,11 — <^l,ll = ^2,11 — , 

and 

dXl = cu^,+2XW . 
The field strength vanishes in this case. We find closed forms 

W = h~^e- , 
X^(V2h)-^e' + e^) , 
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Y = i{V2h)-^e^ - e^) , (5.123) 

Z = e^ (5.124) 
where h — (Ai.)^. Then specify a coordinate basis 

V ^dv,W ^dw,X ^ dx, Y ^dy,Z ^dz . (5.125) 

In this basis 

dh = 2xViX^hdz , (5.126) 
so that upon comparison with (5.115), we find that 

d,{hXi)^2xVih . (5.127) 

The metric is given by 

ds'^ = h{2dvdw - dx^ - dy^) - dz^ . (5.128) 

5.3 Solutions with X\^Q and = 
The \\_ derivatives vanish in this case 

dAi = . (5.129) 
The following components of the spin connection vanish 

= a;+ _i = a;ij2 = , (5.130) 

tO\-\ = <^2 -1 = ^^-,-2 = -1 = <^-,12 = ^^1-2 = , (5.131) 

and we have 

u;_,+2 = -^+-2 , (5.132) 
1 

_i = --UJ2-2 = . (5.133) 
We also find that the scalars are constant 

dX^ ^0 , (5.134) 

and for the gauge potential 
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% % % % ~ % 

XA = -tu+,iie+ + 3^-,iie" + :^(^i,ne^ + gt^i.iie^ + -a;2,iie^ . (5.135) 
We can integrate up the scalars, in the process defining a constant c by 

xVrX^ = c=^a;_,+2 , (5.136) 
with — . The field strengths have non- vanishing component 

F(i = Sixi-X'VjX'' + Q'^Vj) , (5.137) 
which are therefore also constants. We can contract this with xVf, to find 

F = xViF^ = ike^ A , (5.138) 

with constant k = -3{c^ - X^Q^'^ViVj)) ■ 

Taking the exterior derivative of the basis forms, one obtains 

de+ = -3ce2 A e+ , (5.139) 

de~ = 3ce^Ae-, (5.140) 

de^^3ixAAe\ (5.141) 

de^ ^ -3ixA A , (5.142) 

de^ = 3ce+ Ae- . (5.143) 
Coordinates can be introduced for e"*" and e~ as 

e+ = gidv , (5.144) 

= g2dw . (5.145) 
Comparing (5.139) and (5.140) with (5.144), (5.145), we find 

dloggi — — 3ce^ + 3caidv , (5.146) 

dlog5i2 — 3ce^ — 3ca2dw , (5.147) 
for some real functions ai,a2- These can be rewritten as 
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dloggig2 = 3c{aidv — a2dw) , (5.148) 

dlog — — — 6ce^ + 3c{aidv + a2dw) . (5.149) 

92 

Then (5.149) defines implicitly to be 

— dz + -{aidv + a2dw) , (5.150) 
where we define the coordinate z, such that, dz — ^dloe— . Next we can 

'_ ' 6c ° P2 

introduce complex coordinates for e^,e^ as 

= sde , (5.151) 

e^ = sdi, (5.152) 
where s — re*^, and d£ — dx + idy. Then 

dlogs + qdi = 3ixA , (5.153) 

dlogs + qdi^ -3ixA , (5.154) 

upon comparison with (5.141) and (5.142). Here is a complex function q — 
Qi + iQ2- These expressions can in turn be rewritten as 

dlogss = —qdi — qdi , (5.155) 

dlog 3 = GixA + qdi- qdt . (5.156) 
s 

(5.156) implicitly defines A, up to a gauge transformation, as 

xA^h,q2dx + q^dy) . (5.157) 
With these coordinates, the metric takes the form 

ds^ = 2gig2dvdw - {dz + - 2r^{dx'^ + dy^) , (5.158) 

where a = aidv + a2dw. We can proceed to investigate the curvature of the 
3-manifold with metric 



^^^ds'^ = 2gig2dvdw - {dz + '^f . (5.159) 
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To do this we take the exterior derivative of (5.148) and (5.149) 



dai Adv — da2 A dw = , (5.160) 
1 

These constraints, together with (5.143) imply 



de^ = -{dai A dv + da2 A dw) . (5.161) 



9t,«2 = —dwCii = 3cgig2 , (5.162) 

and that «i = ai(f , w),a2 = a2{v, w). Substituting this back into the expression 
(5.148) for gig2 , we see that 

^'^ = 3c(aidv — a2dw) . (5.163) 
dya2 

Next we note that the 2-manifold with metric, *^^^(is^ = 2gig2dvdw is AdS2 with 
Ricci scalar 18c^, and that a is related to the volume form for this manifold by 
da = 6c dvo\{AdS2). It then follows that the 3-manifold with metric (5.159) is AdS^ 
(written as a fibration over AdS2) , with Ricci scalar 

= (5.164) 

We can, in a similar manner, compute the Ricci scalar for the 2-manifold with 
metric ^^^ds^ = 2ssdede = 2r^didl 

Taking the exterior derivative of (5.155) and (5.156) provides 

dqAde + dqAdl^O, (5.165) 

6ixdA ^dqAdi-dqAdl . (5.166) 
Given that F = xdA we can compare this with (5.138), to find 

% = 3kr^ , (5.167) 

where = ss. If we substitute this back into the expression (5.155) for ss , we 
find that 

^^^-qdi-qdi. (5.168) 

dig 

The Ricci scalar is given by (making use of (5.168)) 

^'^^ = 7T^-^(i)'(%^^^^% - mqded-eq) 

= 6k . (5.169) 



- 24 - 



The 2-manifold is then H^, M^, or S'^ according as to whether the constant 
k = — 3(c^ — X^Q^'^^i^j) is negative, vanishing, or positive respectively. 

6. Solutions with A" = 

In the case where A" = for a = 1, 1, we find for the dilatino equations 

SixiX'VjX-" - ^Q''Vj)Xl = . (6.1) 
For the gravitino equations, in the + direction 

d+Xl = , (6.2) 
9+A^+a;+,nA^ = 0. (6.3) 



In the — direction 



In the 1 direction 



In the 1 direction 



In the 2 direction 



d^Xl = , (6.4) 

(9_ - 3ixA-)Xl + u;_,uXl = , (6.5) 

V2ixViX^Xl = . (6.6) 

diXl = , (6.7) 

diXl + ui,n>i - 2u;i,+-A^ = . (6.8) 

diXl + xV2ViX'Xl^0 , (6.9) 

diXl + 2a;i_+_A^ + a;i,iiA^ = . (6.10) 

82X1 = , (6.11) 



d2Xl + xViX'xl + u;2,nXl = . (6.12) 

These constraints imply that Al,_ = and that A^ is constant. Hence these 
solutions are only 1/4 supersymmetric. 
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7. Summary of Results 

In this paper we examined half supersymmetric solutions of gauged N — 2, D — 5 
supergravity coupled to an arbitrary number of abelian vector multiplets for which 
the KiUing vectors obtained as bilinears from the KiUing spinors are all null. This 
analysis completes the work initiated in [1], where half-supersymmetric solutions 
with at least one timelike Killing vector were systematically classified. We have also 
shown that the integrability constraints imposed by the Killing spinor equations, 
together with the Bianchi identity for the 2-form field strengths, are sufficient to 
imply that the Einstein, gauge and scalar equations hold automatically. 
Four classes of solutions were obtained from this analysis: 

(i) In the case where (AL 7^ 0, 7^ 0, Ci 7^ 0) the metric is given by 



ds' = fds\AdS2) - {Xlfdx^ - ^^^^-^^ " ^^^^ + '^)' ' (^•^) 

where ds'^{AdS2) has Ricci scalar RAdS2 = 4\/2c^. /3 is a one form on AdS2 
with 



d(3 = -2\/2ci dvo\{AdS2) . (7.2) 

Here ci is a non-zero constant, and Ai,Ai e IR. We also find that /, AL,AL 
and the scalars are functions of z constrained by 

Xj ^ -{^ + xVjXl) , (7.3) 

/= "^-'y-» . (7.4, 



a.(/Ai) = ciAL , (7.5) 

for constant Kj. It does not appear to be possible to de-couple these equations 
in general. The field strengths satisfy 



= d{X^\\dx) . (7.6) 

We remark that although it would appear that these solutions depend on a 
free parameter ci, we can without loss of generality set ci — 1. This can be 
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achieved by making the re-scahngs 

Ai = ci(Ai)', Xl = c,{Xly, f = clf', Ki = c\{Ki)' 
z = ciz', X = — x', y = —y\ p = —p' (7.7) 

Ci Ci Ci 

and defining the conformally re-scaled AdS2 factor by 

ds^{AdS'^) = clds\AdS2) (7.8) 

so that RAds'2 = 4v/2, and c?/?' = —2\/2 dYo\{AdS2) . On dropping the primes, 
it is clear that one can set ci = 1 without loss of generality. 

(ii) In the case that (Al. 7^ 0, Ai 7^ 0, ci = 0) we find for the metric 

ds' = fds'iR''') - {V2f - pdx' - ^dz' - ^dy' , (7.9) 
for non-zero constant C4. Here the function / and the scalars are constrained 

by 

dMXi) = xVi{V2f-^)'^ , (7.10) 
and the field strengths are given by 

= C4 d{—dx) . (7.11) 

(ni) In the case that {W = 0, AIL 7^ 0), we find that the field strengths vanish, 
— 0. In addition, the metric is given by 



ds^ = h ds\R^'^) - dz^ , (7.12) 

and the scalars satisfy 

d,{hXj) = 2xVih . (7.13) 

where h = (Ai)^. This can be seen to be the domain wall solution found in 
[9], where we identify h — {duf )^i, and x = 9- Note that these solutions can 
be obtained from the type (ii) solution described above, by taking the limit 
C4 0. 
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(iv) In the case that (Ai 0, XL — 0) we find that the scalars X'^ are constant, and 
the metric is 



ds^ = ds\AdSs) - ds^{M2) . (7.14) 

where M2 is a 2-manifold with Ricci scalar 

Rm, = -1%X\X'X' - Q")ViVj (7.15) 

so M2 is H^, M^, or S"^ according as to whether {X^ X'^ — Q^'^)ViVj is positive, 
zero or negative. Note that in the minimal theory [X^X^ — Q^^)ViVj = (Vi)^, 
so the cases for which M2 is or 5'^ cannot arise in the minimal theory. 

The AdS^t manifold has Ricci scalar 



For the field strengths we find 



= -Sxi-X'VjX-^ + Q^'Wj) dvol(M2) . (7.17) 

Note that these product space solutions have previously been found in the 
context of black string solutions constructed in [5] and [6] . 

7.1 Interpretation of Solutions 

As we have already stated, the solutions (Hi) correspond to domain wall solutions 
found in [9], and the solutions {iv) correspond to near horizon black string solutions 
[5] and [6]. We shall therefore concentrate on solutions (i) and (ii). We shall further 
assume that the scalar manifold is symmetric, in which case one has the identity 

^C''''XjXjXk = 1 (7.18) 

where 

^ijK ^ s'''d'''6''^'CrjrK' . (7.19) 

It is then possible to construct the metrics explicitly. We begin with the solutions 
of type (i). As mentioned previously, we shall set Ci — 1 without loss of generality. To 
proceed, it is convenient to set 

e = Ic'''''ViVjVk (7.20) 
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and we assume that ^ 7^ 0. Also define pi, x hy 

Ki = 2V2C-^pi 



fXl ^ (7.21) 

for constant C > 0. Note that x is not constant. Also set 

9 

ai = ^C'^'piPjVk 

&2 = ^C'^'piVjVk . (7.22) 

Then (7.3) imphes that 

/ = 2V2C~^H^ (7.23) 

where 

H = Sr' + ?>a2X^ + 3q;i£ + do (7.24) 

so that the scalars satisfy 

h'^Xi = pi + ^x . (7.25) 

It is also convenient to introduce co-ordinates v, p and write the AdS2 factor in 
the metric as 

ds^{AdS2) = — -^dvdp + -^p^dv^ . (7.26) 
V 2 2v 2 

Finally, on making the re-scalings 

x^xix\ y^C^x\ P^C'P (7.27) 
and using (7.5), one can rewrite the metric as 

ds'' = H^-2dvdp + C^cipV) - ^^H-lp{dxY 



. 1 



p-\dxf -C^m(dx^ +py (7.28) 



4(xO 
where 



/3 = pdv, P = H-^^x'. (7.29) 
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Finally, define a radial co-ordinate r by 



(7.30) 



It is then straightforward to see that this metric corresponds to one of the three classes 
of "static" local near horizon geometries, written in Gaussian null co-ordinates, as 
constructed in [23] (on dropping the " on x,x^ and x'^). The horizon is at r = 0. 
Note that one can set C = 1 without loss of generality, by making appropriately 
chosen re-scalings, however we retain C here for ease of comparison. Furthermore, 
one can also set q;2 = by making a constant shift in the x co-ordinate, this then 
produces a modification to the function P. It should be noted that a global analysis 
was carried out in [23] which showed that the spatial cross-sections of the horizon 
cannot be regular and compact. 

The analysis of the type (ii) solutions is somewhat more straightforward. In 
particular, define 




-C'^'ViVjVk 



(7.31) 



and again assume that ^ 7^ 0, also set 




PiPjPk 



PiPjVk 



PiVjVk 



(7.32) 



It is also convenient to define x such that 




(7.33) 



so 



fXi ^ pi + —X 



(7.34) 



and hence 




(7.35) 



Also define x^,x'^,to by 




1 



(7.36) 
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for constant C > 0. Then the metric can be written as 

ds' = 2fdvdp - - rl){dx^f - ^,{f - rl)-\dxf - C^f{dx'f . 

(7.37) 

On defining the radial co-ordinate r by 

r = /^p (7.38) 

we recover the second type of "static" near horizon geometry constructed in [23], in 
the case for which Fq > 0. The static solutions with Fq = found in that paper 
correspond to the type {Hi) domain wall solutions, with symmetric scalar manifold. 
Once more, a global analysis has been constructed, which shows that these solutions 
do not correspond to compact near horizon geometries of regular black holes. We also 
remark that it is straightforward to prove that the solutions of type {iv) correspond 
to the "static" solutions with constant scalars found in [23]. 

To summarize, we have shown that when the scalar manifold is symmetric, and 
when C^'^^ViVjVk 7^ *, the set of static solutions found in [23] for which the 
Killing vector generated from the Killing spinor is null (excluding the trivial case 
of the maximally supersymmetric solution AdS^^) is identical to the set of all half 
supersymmetric solutions for which all of the Killing spinors generate null Killing 
vectors. 

Appendix A Integrability Conditions 

The gravitino and dilatino integrability conditions, respectively, can be put into the 
form 

{EjTp + Ig'^F^^ - ^Gj6 = , (A.l) 

{Si - '^{Gi^ - XiX'Gj^)T'^)e = , (A.2) 
acting on a Dirac spinor e = ^^■0+ + ^X'^X + '^-V'i + Ai^'i- Here 

Eal3 = Ral3 + Q IjF^ ctfiF"^ — QjjV aX^V ffX'^ 

+ 9ap{- IQijFUf'^'^' + 6x'(^g" - X^X')VjVj) , (A.3) 
Gia = ^^{QijF'^^) + ^CjjKeJ^^'^'^^F'f,,f,,F^f,,f,, , (A.4) 

*This condition holds for all solutions of the minimal theory, and also for all asymptotically 
AdS^ solutions. 
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Si — V^VqX/ — {-Cmni — -^^iCmnjX'^)^ a^^'^'^X^ 

— -^{XmX^Cnpi — -Cmni — GXjXmXn + -XiCmnjX'^^F^ p^^^F^^^^'^ 

- 3xVMV^^(ig^^g^^C^P, + X,(Q^^ - 2X^X^)) , (A.5) 

with Gp — X^Gjp. The tp]^, ip\, ijj^, ■^i components of (A.l) are respectively, for 
a — + 



V2E+_Xl + V2iE+iXl - iE+2X\. + -{-G+X\. - 2iGiXl_ + V2iG2Xi) = , (A.6) 

3 



V2E+_Xl_ + V2iE+iX\. - iE+2Xl - \{G+Xl + 2iGiX\ + V2iG2Xl) = , (A.7) 



V2E++XI - V2iE+iXl + iE+2 -X\- G+X\ = , (A.8) 

\/2E++X\ - V2iE+iX\ - iE+2 - Xl - G+Xl = . (A.9) 

For a — — 

V2E__X\ + V2iE_iXl - iE_2X\. - G_X\. = , (A. 10) 

V2E__Xl + y/2iE_iXl - iE_2X\ - G.A^ = , (A. 11) 

V2E_+Xl - \f2iE_iXl_ + iE_2X^_ + \{-G-X\ + 2iGxX\ - \/2iG2A+) = , (A. 12) 

\/2E_+A^ - \f2iE_iX\_ + iE_2X\ + \{-G-Xl_ + 2iG'iA^ + \f2iG2X\) = . (A. 13) 
For a — 1 

V2Ei_Xl + V2iEiiXl - iEi2Xl - G^X], = , (A.14) 



V2Ei^Xl_ + V2iEiiX\ + iEuXl + ^(-2iG'_Ai - V2G'2A^ - dA^) = , (A.15) 
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V2Ei+Xl - \/2iEuXl + iEuXl - dXi = , (A. 16) 

V2E1+XI - V2iEuXl - iEuXl + -{2iG+Xl - V2G2X\ - dXl) = . (A. 17) 

3 

For a — 1 

V2Ei_Xi + V2iEi^Xl - iEi2X\ + \{-2iG-Xl_ + v^GsA^ - GiA^) = , (A.18) 

V2Ei_X\ + V2iEiiX\ + iEi2X\ - GiX\ = , (A. 19) 

V2Ei+X\ - V2iE-nXl_ + iEj^Xl + ^(2iG+A^ + V2G2Xl_ - GjXl) = , (A.20) 

V2E1+XI - V2iEiiX]_ - iEi2Xl - GiXl = . (A.21) 
Finally for a = 2 we have 

V2E2-X\ + y2^^2iAi - tE22Xl + ^(v^^G-Ai - ^2^^^) - ^GaA^ = , (A.22) 

y2E2_Ai + V2zE2iXl + tE22Xl + ^(-V^^G-Ai + V2GiA^) - ^GsA^ = , (A.23) 

V2^2+A^ - V2^^2iAi + ^^22Ai + ^(V2^G+A^ - v^dAi) - ^G2Ai = , (A.24) 

V2E2+XI - V2zE2iXl -zE22Xl + h-V2zG+Xl + V2GiX'_) - IG2XI = . (A.25) 
Acting on the first Killing spinor e — we find the following constraints 

E++ = E+2 = ^+1 = = ^-1 = £^-2 = , (A.26) 

and 

Ei+ = En = E12 = En = , (A.27) 

as well as 
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E2+ = £^21 = ^22 = , (A. 28) 

together with 



6-+ = - ^2 = Gi = . (A.29) 

We can then substitute these back, finding the following non-vanishing con- 
straints for q; = -|- 



for a — 



for q; = 1 



for a = 2 



E+_\\_ = E+_\\ = , (A.30) 



E^_X\_ = £;__aL = , (A.31) 



E^_\\ = Ei_\\ = , (A.32) 



E2-\\ = E2-\\ = . (A.33) 

We recall from Section 4 that the residual gauge transformations preserving 
e = allowed us to place our second Killing spinor r] = \\'4>\-\-\\'^\-\-\\.il^\-\-\\'^\ 
into a form where either A" = 0, or A" = 0, for a = 1, 1. In section 6 solutions with 
A" = were found to be only ^ supersymmetric. If we then examine the case A" = 0, 
we see that we must have G = X^Gj = and E = 0. 

Evaluating (A. 2) for a general Dirac spinor e, yields, for the 
components 

SiXl - I {V2Gi-X\ + V2iGnXl - iGnXl) = , (A.34) 



SjXl - '^{V2Gj_Xl + V2iGi-iX\ + iG',2A^) = , (A.35) 



SiX\ - \{\f2Gi+X\ - V2iGnXl + iGnXl) = , (A.36) 

SiX\ - \{V2Gi+X\ - V2iGnX- - iGnXl) = , (A.37) 
where we have used G — X^Gj — 0. Next, we restrict to the case e — t/j], 

Si^O , (A.38) 
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(A.39) 



0, 



(A.40) 



. 



(A.41) 



Substituting back, we find that 



(A.42) 



so G7 = and Sj = 0. 
Appendix B The Linear System 

In this appendix we present the decomposition of the KiUing spinor equations acting 
on a generic KiUing spinor (written in an adapted null basis), and then present a 
special case. 

B.l Solutions with e = A^^^^ + X'^i/j^ 
The action of the dilatino equations on e is: 



+2{Fl_ - X^H+_)X\ + Ai{F[^ - X^H_i)Xl_ - 2V2i{F[^ - X^H_2)Xi 

+2V2(F/2 - X'H,2)Xl + 2(F/j - X'Hn)Xl = , (B.l) 



+2{Fl_ - X^H+_)X\ + 4i(Fij - X^H_i)X\ + 2V2i{F[^ - X^H_2)X\ 

-2V2{F{, - X'Hi2)X\ - 2(F/i - X' H,i)X\ = , (B.2) 



-2{Fl_ - X^H+_)Xl - 4i(F^i - X^H+i)Xl + 2V2i(F^2 - X^H+2)Xl 

+2V2{Fl^ - X'Hi2)Xl + 2(F/j - X'H^i)Xl = , (B.3) 
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-2{Fl_ - X^H+_)\\ - 4i(Fij - X^H+i)\\ - 2V2i{Fl^ - X^H^2)\\ 

-2^2(^/2 - X^Ei2)\\ - 2(F/j - X^i/n)AL = . (B.4) 

The action of the gravitino equation on e in the + direction is given by (taking 
the -0+ , "4^ 1 i^- , i^- components in turn) : 

(9+ - ^A+)X\_ - ^{V2H+^X'_ + V2iH+,Xl - iH+^Xl) 

+^(-a;+,+_A+ - 2iuj+_iX]_ + \/2ia;+ _2Ai - \/2a;+,i2A^ - a;+,iiA^) 
\/2 

+-^{H+_Xl + 2iH+^X\ - V2iH+2X\ - V2H^2Xl - HnXl) 

+^ViX^Xl = , (B.5) 
V2 

{d+ - ^A+)Xl - ^{V2H+^Xl + V21H+1XI + 1H+2XI) 



+ ^(-a;+,+_A^ - 2ia;+ _iAi - V2iuj+_2Xl_ + \/2a;+j2A+ + a;+,iiA^) 

V2, 
4 



+ ^{H+_Xl + 2iH+iX\ + V2iH+2Xl + V2HJ2XI + HnXl) 



+ ^ViX'Xl_ = , (B.6) 
v2 



(a+ - ^A+)X'_ - ^{-y/2tH+,Xl + tH+2Xl) 
+^(a;+,+_Ai + 2iuj+,+iXl - V2ia;+,+2A^ - V2u;+,i2AL - cu+^uXl) = , (B.7) 



(d+ - ^A+)Xl - ^{-V2iH+iX\ - iH+2Xl) 

1 - 

+ -(a;+,+_Ai + 2^0;+,+! A^ + V2iuj+,+2X\. + V2UJ+-12XI + uj+,uXi) = . (B.8) 
In the — direction 



(9_ - ^A.)Xl - ^{V2tH_,Xl - iH_2X\) 
+^(-a;_,+_A^ - 2iu;_,_iAL + V^ia;_,_2AL - V2u;_,i2A^ - u;-,iiA^) = , (B.9) 
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+-{-uj-+-Xl - 2iuj__iX\ - V2iuj--2Xl_ + V2t^_j2A+ + uj_iiXl) = ,(B.10) 
2 



(9_ - ^A_)Xl - ^{-V2H+_Xl - V2iH_iXl_ + iH.^X^) 

+^(a;_,+_Ai + 2iu;_,+iA^ - V2iu;_,+2A^ - V2a;_,i2Ai - a;_,iiAi) 

/2 

+^(-i/+_A^ - 2ii/_iAi + V2iH_2X\ - V2HuXl - H^iXD 

+^VjX'Xl = , (B.ll) 

(a_ - ^A_)AL - ^(-V2ii'+_A^ - V2iH_iX\ - iH^2^l) 

+ i(a;_,+_Ai + 2ia;_^+iA^ + \/2ia;_,+2A^ + \/2a;_,i2Ai + a;_,iiAi) 
PI - 

+^(-//+-A^ - 2i//_iAi - V2iH_2X- + V2H12XI + HnXl) 

T r \ 1 



+^ViX'XX = . (B.12) 



In the 1 direction 



(9i - ^-^A,)X\ - h^-^H_^X\ - iH,2X\) 
+^(-u;i,+_A^ - 2iu;i,_iAL + v^ia;i,_2Ai - v^a;i,i2A^ - a;i,iiA^) = , (B.13) 



{di - ^A^)Xl - ^(-V2i/_iAL + V2iH,-iXl + iHuXl) 

+ ^{-ui^+-X\ - 2iui_iX[_ - V2iu}i_2>^l_ + V2u}i^i2X\ + cui^uA^) 

-^^+-A;^ - 2iH_iXl + V2iH_2X\ - V2H12XI - HnXX) 



4 

V2 



+ -^yrX^A^ = , (B.14) 



(ai - ^A,)Xl - \{-V2H^,X\+iH,2X\) 
+^(u;i,+_Ai + 2iu;i,+iA^ - V2iu;i,+2A^ - V^a;i,i2Ai - u;i,iiAi) = , (B.15) 
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+ y^{H+_X\ + 2iH+^X\ - V2iH+2Xl - V2HuXl - HuXi) 



-^ViX^Xl = . (B.16) 
v2 



In the 1 direction 



{di - ^Ai)Xl - ^{-V2H_-,X\ - V2iHnXl - iHi^X\) 
+ ^(— a;i__,__A^ — 2iuji_i)^_ + \/2iui_2^^- ~ ^^1,12^+ ~ '^1,11^+) 
-^{-H+-X\ - 2iH_iX\ - V2iH_2Xl + V2H12XI + HuXl) 



+^ViX^Xl = , (B.17) 



(di - ^Ai)Xl - ^{-V2H_iXL + iHi^Xl 



+^(-a;i,+_A^ - 2iLJi_iXl - V2iuJi_2Xl_ + \/2a;i,i2A+ + a;i,iiA^) = , (B.18) 



(^i - ^Ai)X\ - ^{-V2H+iXl + V2zH^iXl + iHi^Xl) 
+ ^(a;i,+_Ai + 2iuji^^iX\ - \/2iu;i,+2A+ - \f2uji^i2^\ - uJi^iiX\_) 

+^{H+_Xl + 2iH+iXl + V2iH+2X\ + V2H12XI + H^Xl) 

-^ViX^Xl = , (B.19) 
v2 



{d, - ^A,)Xl - ^{-V2H+iXl - 1H12XI) 



fA,)AL-^, 

+ ^(u;i,+_AL + 2ia;i,+iA+ + V2iuJi^+2>^\ + \f2uJi^i2X\ + tUi^nAi) = . (B.20) 
Finally, in the 2 direction 
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+^{-U2,+-X\. - 2iu2-iX\ + V2iuj2-2X\ - V2uj2,i2X\. - a;2,iiA+) 
+^{-H+_Xl - 2tH_iXl_ + V2iH_2X\ - V2H12XI - HnXl) 

^ T A \ 1 



-^v7x^a; = o, (B.21) 



(92 - ^A2)Xl - ^{-V2H_2Xl_ - V2iHi2X\) 
+ ^(-^2,+-A+ - 2iuj2-iX\ - ^/2iu2-2X\ + \/2a;2,i2A+ + a;2,iiA^) 
-'^-{-H+^X\_ - 2iH_iX\ - V2iH_2Xl + V2H12XI + HaXl) 



+^ViX'X'^ = , 



(B.22) 



(92 - ^A2)X\ - ^{-V2H+2Xl + V2m2Xl) 

+ ^(a;2,+-Ai + 2ia;2,+iAi^ - \/2ia;2,+2A+ - \/2a;2,i2Ai - a;2,iiAi) 

-Uh+_X\ + 2iH+iXl - V2iH+2Xl - V2Hi2Xl - HnX\) + ^VjX'Xl = , 

(B.23) 



(82 - ^A2)Xl - ^{-V2H+2Xl + V2tH-,2Xl) 

+^(a;2,+_Ai + 2ia;2,+iA^ + V^ia;2,+2A^ + V2uj2,i2Xl_ + uj2,uX\) 

+Uh+_xI + 2iH+iX\ + \/2iH+2X\. + \/2Hi2X\ + i/nAi) - ^ViX^X\ = . 

(B.24) 

B.2 Constraints on Half-Supersymmetric Solutions 

Substituting tlie constraints obtained in Section 4, for quarter-supersymmetric solu- 
tions with e = back into the dilatino equations we find 

2V2d^X^X\ + 4i(Fii - X^H_i)Xl - 2V2i(F[^ - X^H_2)X\ = , (B.25) 
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+4i(Fij - X^H_i)\\ + 2\/2i(Fi2 - X^H_2)Xl = , (B.26) 
AV2idiX^Xl_ - Aid2X^X[_ = , (B.27) 



4^/2i^lX^Xi. + 4id2X^Xl - 8ix{X^VjX-^ - ^g^K/jAi = . (B.28) 

Substituting the constraints back into the gravitino equations yields, in the + 
direction: 



d^\\ - ia;+,-iAi + ^a;+,_2Ai + ^u;2,i2AL + ^u;_,+2Ai = , (B.29) 



a+A+ + a;+,iiA+ - ia;+ _iAi - ^a;+ _2Ai 
+|c^2,i2Ai + ^u;_,+2AL - ^a;i,i2AL = , (B.30) 



a+Ai = , (B.31) 
(a++a;+,n)Ai = 0. (B.32) 



In the — direction: 



d^\\ - ia;_,_iAL + ^a;_,-2Ai = , (B.33) 



(9_ - 3ixA_)Ai. - ia;_,_iAi - ^u;_,_2AL = , 



(B.34) 



1 2v2 T 2 1 
(a_ - 2ixA_)\\ - -^a;_,i2Ai - -a;_,nAi = , (B.35) 



T 2a/2 1 2 T T 
(a_ - zxA_)Ai + -^a;_,i2Ai + -a;_,nAi + ^(2u;_,+2 - c^i,i2)A^ = . (B.36) 

In the 1 direction: 
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diXl + ^iv-,i2\l + ^^i,-2Ai - ia;i,-iAL = , (B.37) 



y/2i T i 1 -\/2i =, 
H — ^'^-,i2A_ - -uJ-,nX_ —uJi-2X_ = , 



(B.38) 



6 " 3 " 2 

(^1 - 2a;i,+_)Ai = , (B.39) 

diXl + Ui^iXl + V2u;i-i2Xl = . (B.40) 



In the 1 direction: 



(hX+ + — (2a;_,+2 - t^i,i2)A+ ^ci;_j2A_ 

+^a;i,_2Ai - ia;i,_iAL + ^a;_,nAL - x^-AL = , (B.41) 

9iAi + 2u;i,+_Xl + ui^nXl - iui,-iX\ - ^a;i,-2AL - ^a;-,i2AL = 0, (B.42) 

2\/2 

9iAi + 2o;i,+_Ai - -^(u;-,+2 + ^i,i2)Ai = , (B.43) 

(5i + a;i,n)AL = 0. (B.44) 

In the 2 direction: 

92A^ - V^Ai(-xA_ + ^u;_,n) - ic^2,-iAL + ^a;2,-2Ai + ^a;-,i2AL = , (B.45) 

2 1 - i 

52A+ + {-uJ-,+2 - g'^1,12 + '^2,ii)A+ - iuj2-iX\ + -a;-,i2A!_ 

-^a;2,-2AL - V2(-xA_ + ^a;_,n)AL = , (B.46) 
a2Ai - V2a;2,i2Ai = , (B.47) 
a2Ai + V2a;2,i2Ai - (^a;-,+2 - ^u;i,i2 - i^2,il)X\. = . (B.48) 
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B.3 Solutions with = 

In the case where A" = we can reduce the dilatino equations to: 

2V2d-X^Xl + 4i(Fii - X^H_i)Xl - 2V2i{Fi^ - X^H_2)X- = , (B.49) 



2V2d_X^Xl + 4i(Fij - X^H_i)X\ + 2V2i{Fi^ - X^H_2)Xl_ = , (B.50) 



A^/2i^lX^Xl_ - Aid2X^X\ = , (B.51) 



A^/2i^lX^X\ + Aid2X^X\ - %ix{X^VjX^ - \q"Vj)X\ = . (B.52) 
The gravitino equations reduce to, in the + direction: 



\f2i i - \f2i 
ia;+ _iAi —u^-2>^- - -^i,viXL ^a;_,+2Ai = , (B.53) 



_iA_ + —^u+-2X_ - -(x;2,i2A_ ^a;_,+2A_ + -g-a;ij2A_ = , (B.54) 



a+Ai = , (B.55) 



(9+ + a;+,n)AL = 0. (B.56) 

In the — direction: 

ic^-,-iAi - ^cu_,_2Ai = 0, (B.57) 



_iAi + _2AL = , (B.58) 
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(a_ - 2ixA_)\\_ - ^a;_,i2Ai - ^a;_,nAi = , 



In the 1 direction: 



i2A_ H — z— -2A_ — luji -iA_ = U , 



2 "'"^ - 2 



_iA_ - xA-X_ g-^^-,i2A_ + -a;-,iiA_ + _2A_ 



(9i - 2a;i,+_)Ai = , 
5iAi + ti^i^iiAi + \/2c;i,i2Ai = 

In the 1 direction: 



xl \/2^ xl • xT ^ xT ^ xT 

-^'^-,i2A_ _2A_ + iuJi-iX_ - -u;-,iiA_ + x^_A_ 



1 \/2i T \/2i T 
_iA_ + _2A_ + ^a;_,i2A_ = , 



9 /9 

9iAi + 2u;i,+_Ai - -^(u;-,+2 + a;i,i2)AL = , 



(5i+^i,ii)AL=0. 

In the 2 direction: 

\/2X\{-xA- - + ia;2 -lAi 2~'^2-2Ai. - -u;_,i2A 



-iA_ + -a;_,i2A_ - 




(B.71) 




t^i,i2 -t^2,ii)Ai = . 



(B.72) 
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